Introduction {#Sec1}
============

In practice, the boundary value problems can be defined with a very large variety of boundary shapes. It is very difficult to use analytical methods to solve such problems. Therefore, scientists started to use and develop numerical methods. Well known from the literature and widely used methods: finite element method (FEM) \[[@CR3], [@CR7]\] and boundary element method (BEM) \[[@CR2], [@CR8]\], use respectively the finite elements for modeling the domain or the boundary elements to define the boundary. Such methods tend to be less effective because, to improve the accuracy of modeling (what improves the solutions accuracy), the number of elements should be increased (what means greater consumption of computer resources).

In this paper, as an alternative to the classical discretization of the domain or boundary (occurring in the mentioned methods), a method of parametric integral equations system (PIES) was proposed \[[@CR4], [@CR9], [@CR10]\]. This method uses the curves (known from computer graphics) directly included in the mathematical formalism of PIES. It makes modeling and modification of the shape much easier. Till now, in the PIES method, the Bézier curves were mainly used. These curves are defined using polynomial segments with an appropriate class of analytical and geometric continuity at their connection points.

With the development of computer graphics, the NURBS curves have appeared \[[@CR5], [@CR6]\]. These curves give much more possibilities and significantly improve the accuracy of shape modeling. Therefore, they will be used for modeling the boundary shape of the boundary value problem solved by the PIES method. Now, the shape of the boundary can be modeled by one closed curve automatically (without additional care of the connection of segments). The definition of such a curve needs a set of points, weights, and knots. The point's weight determines its influence on the curve and makes it easier to accurately model curves such as the circle and ellipse. The knots allow to obtain corners and change the curve's degree. More information can be found in the paper about the NURBS curves in Laplace's equation \[[@CR11]\]. Application of NURBS curves unifies the shape definition in PIES and also influences the modeling accuracy, which finally improves the accuracy of the solutions.

To highlight the benefits of using NURBS curves in PIES, the definition of the same shape for FEM, BEM, and PIES (using Bezier and NURBS curves) was presented on Fig. [1](#Fig1){ref-type="fig"}. Using NURBS curves here, it is enough to use two curves of the second degree (for inner and outer shape). Additionally, the 8 boundary points (4 for each shape) are enough to define properly such shape. Although the number of input data is reduced, the accuracy of the modeling is improved. So the solutions are also obtained with high accuracy.Fig. 1.Comparison of modeling the shape of boundary for different methods.

Inclusion of the NURBS Curves into PIES {#Sec2}
=======================================

The general form of the PIES (for any shape of the boundary) for Navier-Lamé equation without mass forces is presented by the following formula \[[@CR1]\]:$$\documentclass[12pt]{minimal}
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Till now the curvilinear segments were defined by cubic Bézier curves. The equation describing corresponding segments of such a curve is presented as follows:$$\documentclass[12pt]{minimal}
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The inclusion of the NURBS curves in PIES ([1](#Equ1){ref-type=""}) requires in functions ([5](#Equ5){ref-type=""}) the substitution of the following formula describing segments \[[@CR6]\]:$$\documentclass[12pt]{minimal}
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Additionally, to obtain values of Jacobian ([2](#Equ2){ref-type=""}) and normal vector, the derivative with respect to parameter s of the NURBS curve function have to be calculated \[[@CR6]\]:$$\documentclass[12pt]{minimal}
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Verification and Advantages of NURBS Curves in PIES {#Sec3}
===================================================

**Example 1 - Circular Hole**

First example is the circular hole with radius $\documentclass[12pt]{minimal}
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Solutions obtained using PIES (with NURBS curves) are compared with analytical \[[@CR8]\] and numerical (BEM using 24 linear boundary elements \[[@CR2]\] and PIES using Bézier curves) solutions in Table [1](#Tab1){ref-type="table"}. Comparing the PIES (with NURBS) solutions with analytical ones, the maximum average relative error 0.06% is obtained for $\documentclass[12pt]{minimal}
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Example 2 - Multiply Connected Domain {#Sec4}
-------------------------------------

The next example is the Lamé problem. The Fig. [3](#Fig3){ref-type="fig"}a presents only 16 boundary points of the shape modeled using Bézier curves. The additional 32 approximation points should be defined. Figure [3](#Fig3){ref-type="fig"}b presents modeling using NURBS curves.Fig. 3.Modeling the shape of boundary using a) Béziera, and b) NURBS, curves.
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Conclusions {#Sec5}
===========

This paper presents the high efficiency of inclusion of NURBS curves in the PIES method and compare obtained solutions with the existing ones. Using NURBS curves, the number of points (necessary to model the boundary) is much lower. Using 8 cubic Bézier segments in modeling circle shape, the average radius over the entire circumference is $\documentclass[12pt]{minimal}
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                \begin{document}$$R=9.9999$$\end{document}$. Therefore, using NURBS curves, the modeling accuracy increases, even with the lower number of points. Such an improvement is caused by two curve parameters: weights of points and knots. The shape modeling using NURBS in PIES is also more uniform. Till now, the curvilinear and linear segments were described using separate functions. Now, using NURBS curves, the shape will be described with one curve. The above examples present the advantages of modeling and its impact on improvement in the accuracy of obtained solutions. Therefore, using NURBS in PIES improves the process of modeling and modification of the boundary shape, significantly reduces the number of points (necessary to define the shape) and ultimately improves the accuracy of the solutions.
